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Discrete Liouvilleôs Theorem 

The Hamiltonian map                                            defined by discrete Hamiltonôs 

equations preserves volume in discrete phase space ( simplecticity ). 

Discrete Noetherôs Theorem 

If the discrete Lagrangian is invariant under the action of a group G, then the 

corresponding discrete Lagrangian momentum map is a conserved quantity. 

translation 

rotation 

linear momentum 

angular momentum 

If L d is a discrete Lagrangian of order p then the Hamiltonian map has the same 

order. 

Variational error analysis 

trapezoids 

second order 

stormer-verlet 
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2) Midpoint Rule 

3) Stormer-Verlet 

Variational integrators differ from each other for the quadrature rule used to 
approximate the action. 

the order of the method is equal to the quadrature order 

1) Symplectic Euler 
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4) Spectral Variational Integrators 

Rescaled problem: 

Spatial discretization 

with constraints: 

IŀƳƛƭǘƻƴΩǎ ǇǊƛƴŎƛǇƭŜ 

For simplicity let                       with                           ,                              . 

Gauss quadrature rule 
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impose constraints with Lagrangian multipliers 

finally we obtain the following nonlinear system: 

n+m+2   unknowns 

see Melvin Leok or 
Marsden and West 

Exixtence, uniqueness and convergence : 
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2) SPECTRAL VARIATIONAL INTEGRATORS 

n  = maximum degree of basis polynomials  
m = number of quadrature nodes 
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In case of  n=1, m=2:                                        . 

eigenvalues moduli eigenvalues imaginary parts 

energy 
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Comparison between (n=1, m=2), (n=2,m=3), (n=4,m=5): 

eigenvalues moduli eigenvalues imaginary parts 

n-convergence 

convergence orders 
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Spectral Variational Integrators do not artificially dissipate energy  
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Example 
Simple pendulum dumped 
with friction-type forcing. 
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function signature recalls the 
same style of ode45 function 

Å polynomial degree 
Å quadrature order 
Å nonlinear solutor parameters 

CODE ORGANIZATION 

[T, Y] = spectralvarint (odefun, tspan, y0, options, options_B) 

default 
parameters 

LƴǘŜƎǊŀǘŜǎ ǘƘŜ ǎȅǎǘŜƳ ǿƛǘƘ IŀƳƛƭǘƻƴΩǎ Ŝǉǳŀǘƛƻƴǎ 
given by odefun from time tspan(1) to tspan(end), 
with initial condition y0. To obtain solutions at 
specific times use tspan = [t0, t1, ..., tf]. 
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spectralvarint 

initial_step 

class 
@spectral_integrator 

spectral_integrator 

set_problem 

step 

CODE ORGANIZATION 

calculates the initial step on the basis of 
the function and of the initial condition. 

class constructor; It 
sets polynomial order, 
quadrature order and  
computes quadrature 
nodes and weights. 

assigns the function with 
IŀƳƛƭǘƻƴƛŀƴΩǎ Ŝǉǳŀǘƛƻƴǎ 
to the class. 

calculates the solution of 
the system from time  tk   
to time  tk+1. 
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object oriented programming few rows in main program 
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TODO 

Å Add the possibility to have a quadrature nodes number indipendent from 
maximum polynomials degree; 
Å Add the possibility to use the Jacobian in the solution of the nonlinear 
system; 
Å Add the possibility to do polynomials degree adaptivity; 
Å Optimize the code; especially It would be very interesting to implement in 
C++ the expensive parts of the code (now is all implemented in Octave). 
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