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Lagrangian
point of view

CLASSICAL MECHANICS

Hamiltonian
point of view

q(t) = {u()}L, . . a(t) = {a(t)}i
' . v generalized variables oL
a(t) = {d()}.5 p(t) = ZZ (1)
q
L(q.q.1) characteristic quantity H(q.p.t)=p-q— L(q.q.t)
Hami |l tonds principle
b q(a) =q:
S(q) / L(q,q.t)dt 08(q) =0 fixed
a a(b) = qo
o
J0L 0L . . q Ip 1st order
at0q  0q =0 equations of mot|01|1 ‘ . OH
S
2nd order
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Lagrangian
point of view

q¢ = {ar}ity

generalized variables

characteristic quantit}

4

ths1
La(gk. qisr) = / Liq.q:t) dt
L

Hami |l t onds

principl
M-—1

e

DISCRETE MECHANICS

Hamiltonian
point of view

Pr = =D La(qk, Qis1)
Py = DyLy(qi. Qrsy)

Hy(pr,Py) = Pide-1 — Prae — La(dr, Qret)

Sa({ar}icg) = Z Li(qr. qrs1) 0Sa({ar}it,) =0

=]

qa) =a _
fixed
q(b) = q2 }

equations of motiov|1
DoLa(qe=1,9k) + D1 La(qe.qe=1) =0
2 steps

|

pr = —=D1 La(qe, qr+1)

Pi+1 = DoLy(di, Qrsr)

1 step
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ouvill ebs Theor em

MECHANICS Di screte Li
MECHANICS The Hami | t(@.mpi)ands-mpsp:)
equations preserves volume in discrete phase space ( simplecticity ).

VARIATIONAL
INTEGRATORS

Theorem

Noelt her 6s

STABILITY AND

CONVERGENCE D | S C r e t e
FORCED

= |f the discrete Lagrangian is invariant under the action of a group G, then the

corresponding discrete Lagrangian momentum map is a conserved quantity.

CODE
ORGANIZATION

linear momentum

\\2

translation

EXAMPLE
rotation > angular momentum

J)

Variational error analysis
If L 4is a discrete Lagrangian of ordethen the Hamiltonian map has the same

order.
trapezoids > stormerverlet

second order
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VARIATIONAL INTEGRATORS

Variational integrators differ from each other for the quadrature rule used to
approximate the action.

the order of the method is equal to the quadrature o

rder

1) Symplectic Euler

Li(qr. qrs1) = hL{qu. quh_ q;f)

2) Midpoint Rule

La(qw, Qr+1,h) = hL ( ax +2qk+1__ qkﬂh— qk>

3) Stormet\erlet

L — 1 _
La(dk- Qrs1) = ihL (Clk-, Eas qk) + —hL (Qk+1-. 9e+1 Qk)
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4) Spectral Variational Integrators

For simplicity let ¢(t) € R WIFE [tx, tor1]  taor —ti =h
2
Rescaled problem: ¢ = g(z(t)) z(t) = pt—1  z¢€ —1,1]
n—1
Spatial discretization g, (z Z qili(z 0n(2(t) = ) ail; (z{r‘
1= i=l]
Gauss quadrature rule
tri1 1
[ a0y = [ Lo i) has~ 5 S w ). )
vk T J—ﬂ

| F YAT G2y Qa LINR yc”))\ LI S

n—1

5 W qrli(t:) 2 1.(t.;
gn €V [fkt:e iR 2 Z[] J (;ﬂf ( ;qk { })
n=1 1
with constraints: | g = foifi(—l) Ghr1 = Zfﬂ;f{f(l)
i=0 P
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Impose constraints with Lagrangian multipliers

m—1

h p ki
L(gh i AS A =5 ) w (qu’ EZ@&ZMH)) + . A
j=0 i=0 i=0 oL
n—1 . n—1 . |:> 7 D — a_)\g

AN Gl (D) =)+ O gkl (D)—grsa)

i=l() 1=l)
AL

* e
. OH OH A i,
g = a—_p(q._p) |:> Bp (;Qkf:{fﬂ:}h) =7 Zi@kfa(t:.r)

finally we obtain the following nonlinear system:

r mzl [p,, s(1 -)—2 s(t )8H(Zf}k (Up;)]ﬂ{ Dpr = Le(1)prer =0 ¥s=0.,....,n—1

7=0 1=

dH ni—1 - |
dp(i%]@kf(t}p,a)_ Zﬁqﬁ(ﬂ-ﬂ Yi=0,....m—1
E] Gli(=1) = gk =0 n+m+2 unknowns

‘ ee Melvin Leok or

S qili(l) — qrer =0 Exixtence, uniqueness and convergencg

=0 ‘ Marsden and West 7
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DISCRETE
MECHANICS ARMONIC OSCILLATOR
T equation| V() + wig(t) = 0 BRI (1) = cos (
STABILITY AND
CONVERGENCE . ) ]_ 5 ]_ 5
e Hamiltonian H(q.p) = ._,.-(p(t)) n —[;uq(t))
MECHANICS 20 2
A ATION 1) STORMERVERLET
EXAMPLE e =M ‘fk+lh_ x + % hi? O
Pkt1 = M% - Ehzwgf}kﬂ
i w2 h? h 1
|:f{k+1] (1- 21".&') Vi |j?1 det(92) = 1
h2.? h2.?
pﬁ'— .’_;_,12 —_— —_— pk = —_
1 k_h' ( A0 l) =5 ] tr(2) = 2
26/06/2013 Q

=i+

w2h?
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MECHANICS sl
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VARIATIONAL 04r
INTEGRATORS 2501 7 02
STABILITY AND amnr I o
CONVERGENCE el | 02
FORCED ook 0 < wh <9 l
MECHANICS ol a‘_:u, -E.:
CODE o ‘ 1 . L . . . . . . !
ORGANIZATION u] 2 4 5] 8 10 12 14 16 18 20 0 2 4 5] 3 10 12 14 16 18 20
EXAMPLE
enerqy
o8 h lel|i= order
- 0.8 | 0.22.10°
04 | 05410°T | 2.05
0.2 0.13-10—* 2.01
- 0.1 0.33-10—% | 2.00
0.05 | 0.82-10=3 | 2.00
0.025 | 0.21-1072 | 2.00
0.4
20 40 &0 80 100
26/06/2013
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DISCRETE 'LI 5 IF 5 /q — ng . q;:_l T
MECHANICS _ L Q i w?
Sk = £ [ (Zaib)) -2 (k) [+ | s 2 o
VARIATIONAL j=1 - 1 - 3
INTEGRATORS
i q

oo (o= Sah(-1) + (qw 2 lC) 5 = Lﬁj

FORCED @ K /
MECHANICS

CODE
ORGANIZATION

4 B][q] 0] 1y = 5| 208 el ) - M e )
SO =
B 0f A 8 Bin=—li(=1)  Bp=—l1)
@ C =(BTA™'B)
['—’fk+1] 1 Cn 1 ['—’ﬂc] : : :
pea] O lder() cn) ] | quadrature nodes. |
26/06/2013 2
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Comparison betwee(n=1, m=2), (n=2,m=3), (n=4,m=5)

CLASSICAL
MECHARES eigenvalues moduli eigenvalues imaginary parts
DISCRETE B : : : : : 1 : : :
MECHANICS n=1,m=2 n=1,m=2
n=2,m=3 08r n=2,m=3 [|
VARIATIONAL o =4 m= l 06| bl
INTEGRATORS
Al | 0.4
STABILITY AND oz
CONVERGENCE Al | ol
FORCED 0.2
MECHANICS 2r 04
OBF
CODE ! 0s
ORGANIZATION =T
O 1o 5 10 15 2 x5 30
SAAMEES n-convergence
10° , : : :
convergence orders el
Degree:1 Nodes:2 Degree:2 Nodes:3 Degree:4d Nodes:5
h error order h error order h error order 5
0.8 | 0.43-10° 1.6 | 0.20-1071 3.2 | 0.1310°° = 10
0.4 [ 0.12-10° 1.90 | 0.8 | 0.15-10== | 3.70 | 1.6 | 0.534-10=" | 7.93
0.2 | 0.30-10-t 1.94 0.4 | 0.97-10—% 3.98 0.8 | 0.23 -10~¥ 7.86 .
0.1 [0.72-107% | 2.06 | 0.2 | 0.62-10=> | 3.95 | 0.4 | 0.95-107** | 7.96 10y
10"
0 2 4 4] a 10 12 14
26/06/2013 Maximum polynomials degree
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MECHANICS
DISCRETE . . . ] .
S Spectral Variational Integrators do not artificially dissipate energy
VARIATIONAL
INTEGRATORS 14
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FORCED
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— — 1.2r \\ .
> o
ORGANIZATION = N
Q N
C \.\
EXAMPLE W 11F . _
= AN
= .
S 1} N :
.é e \\
@© et
ks :
0.9¢ N .
x.\\\\.

o8l spectralvarint - ~ i
ode45 ™~
ode23

07 I I I 1 l 1 l 1 |

0 20 40 60 80 100 120 140 160 180 200
26/06/2013 Time
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MECHANICS
DISCRETE Lagrangian Hamiltonian
e point of view point of view
VARIATIONAL
INTEGRATORS = A - A “ = 2
LagrangeR Q! {t SYO SN LINAY OA LI S
STABILITY AND
CONVERGENCE T _ T _ )
FORCED 5/ L{q.q)dt + / fr(q.4) - dq(t)dt =0
MECHANICS 0 0
CODE
oL . d (0L | : OH
ORGANIZATION .
—I(q.9) — — | =-(4q. .q)=0 = —I(q,
aq(q.q) 7 (aq(q, q)) + fr(q.9) 4=, (9. p)
EXAMPLE aﬂ
| P= —E(CL p) + fula.p)
o Example
aal I Simple pendulum dumped
09 ] with friction-type forcing.
26/06/2013 ] l
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CODE ORGANIZATION

D

function signature recalls thg
same style of ode45 function

LYGdS3aINyaSa GKS aeaasSy ¢
given byodefunfrom timetspan(1)to tspan(end)
with initial conditionyQ. To obtain solutions at
specific times uséspan= [t,, t;, ..., {].

default

parameters

A
[ \

[T, Y] = spectralvarint (odefun, tspan, y0, options, options_|

/

A polynomial degree
A quadrature order
A nonlinear solutor parameters

15
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MECHANICS

DISCRETE

MECHANICS HSR .

R calculates the initial step on the basis of
VARIATIONAL i InItIaI—Step the function and of the initial condition.
INTEGRATORS ]
spectralvarint

STABILITY AND
CONVERGENCE CIaSS

e "| @spectral_integrator
SReANATION class constructor; It

: sets polynomial order,
spectral_integrator| quadrature order and
computes quadrature
nodes and weights.

V

EXAMPLE

assigns the function with
set problem| 1 YAtd2yAlyQa S
to the class.

A4

calculateghe solution of
step the system from time  t
to time {,..

Y

26/06/2013
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MAIN PROGRAM

object oriented programming > few rows in main program

% solving on h=2+%dt into two steps wWwith h=dt
[¥1,t1,¥1] = step(mysclver,time,time4+dC,v0) !
[¥2,tl,¥1l] = =step{mysclver,timeddt , time+2vde X1}

% =olving on h=2%dt into one =step
[W,£1,¥1l] = =tep(mysolver,time,time+*dc,v0) ;

% calculus of h optimal

hopt = do* (2. 0% (Z2%order+] . 0)*coll /fnorm (W-X2) )" (2 (ordexr+l)) ;
dt = hopt;

dt_extra = (time+thopt)-tspan(iter):
if{dt_extra > 0}
% adjusting hopt for this=s exception
hopt = tspan{iter)-time;
end

% solving with h = h optimal

[vO,cc,vy] = step{mysolver,time,timet+hopt,v0)

17
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EXAMPLE

DOUBLE PENDULUM

. my + ms
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mMa .
o) —d%a
+ 5 %

U = —(my + msy)gd, cos(ay) — magds cos(as)

2 + mod dsydey évy cos(ay — as)
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AAdd the possibility to have a quadrature nodes number indipendent from
maximum polynomials degree;

AAdd the possibility to use the Jacobian in the solution of the nonlinear
system,;

AAdd the possibility to do polynomials degree adaptivity;

AOptimize the code; especially It would be very interesting to implement in
C++ the expensive parts of the code (now is all implemented in Octave).

19
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